MATH2040 Linear Algebra II

Tutorial 3

September 29, 2016

1 Examples:

Example 1

0 -2 -3
ForF=R,let A= -1 1 -1
2 2 5

(a) Find the eigenvalues and eigenvectors of A.

(b) Determine whether A is diagonalizable, and if yes, find an invertible matrix @) and a diagonal matrix D such
that Q7'AQ = D

Solution
(a)

-\ -2 -3
FO) =det(A—A) =det | -1 1-X -1
2 2 5-)

- -2 -3
= det -1 1-X -1
2—A 0 2— A\

2det< 2__1/\ 2__1)\ > Jr(l)\)det( 2__)‘A 2__3/\ )
= (1= N2 =13 N.

So the eigenvalues are Ay =1, Ay =2, A3 = 3.

-1 -2 -3 -1
Ey=N| -1 0 -1 = span -1
2 2 4 1
-2 -2 -3 -1
Ey,=N| -1 -1 -1 = span 1
2 2 3 0
-3 -2 -3 -1
Ey,=N| -1 -2 -1 = span 0
2 2 2 1
-1 -1 -1
So the eigenvectors are v; = -1 , Vg = 1 ,U3 = 0
1 0 1



-1 -1 -1
(b) Since the eigenvalues are all distinct, so A is diagonalizable with @ = (vy,v,v3) = | =1 1 0 and
1 0 1

1 00
D=0 2 0
0 0 3
Example 2

For each of the following linear operator T': V' — V, test T for diagonalizability, and if T" is diagonalizable, find
an ordered basis § for V such that [T)s is a diagonal matrix.

(a) V =R3 and T(a,b,c) = (6a + 3b — 8¢, —2b,a — 3c).
(b) V = P3(R) and for any p(z) € Ps(R),T(p(z)) € P5(R) is defined by T'(p(x))

p(z) +p(2)z.

Solution
6 3 -8
(a) Let « be the standard ordered basis, then [T], = 0 —2 0 |, and we need to find the eigenvalues and
1 0 =3
eigenspaces of [T],.
Note
6— A 3 -8 6\  _8
f(A) = det 0 —2-2) 0 = (=2 — \)det =—(2+N*(\—5).
1 0 -3-2A b=

So the eigenvalues are A\; = —2 and Ay = 5. Note A; is a root with multiplicity 2

Then we consider

8 3 -8 1
N([T)a = MI) = 0 0 0 = span 0
1 0 1
1 8
N([T)o — A1) = 0 = span 0 )
1 1
so corresponding eigenspaces are
1
E\, =span 0
1
8
E\, = span 0 .
1

Since dim(FE}y,) < m; = 2, so T is not diagonalizable.

1 0 00
(b) Let « be the standard ordered basis, then [T], = (1] g le g , and we need to find the eigenvalues and
0 0 01
eigenspaces of [T],.
Note
1—A 0 0 0
1 3—A 4 8
f(A) =det 0 0 1-x 0 =(1-=XN3B=N).
0 0 0 1-A



So the eigenvalues are A\; = 1 and Ay = 3. Note A; is a root with multiplicity 3.

Then we consider

0 00O -2 —4 -8
1 2 4 8 1 0 0
N(T)a =MI)=N 00 0 0 span 0 , 1 , 0
0 0 0 O 0 0 1
-2 0 0 0 0
1 0 8 1
N([T]a —XI)=N 0 0 -2 o0 = span 0
0o 0 0 -2 0

so corresponding eigenspaces are

Ey, =span {x —2,2% — 4,23 — 8}
E), = span {z}

Since dim(E),) = m; = 3, so T is diagonalizable. Therefore, 3 = {z — 2,2% — 4, 2% — 8, x}.

2 Exercises:

Question 1 (Section 5.2 Q2(e)):

00 1
ForF=R,let A= 1 0 —1 | . Determine whether A is diagonalizable, and if yes, find an
01 1

invertible matrix @ and a diagonal matrix D such that Q 1AQ = D.
Question 2 (Section 5.2 Q3(b)):

Let T : Po(R) — P3(R) be defined by T'(ax? +bx+c) = cx®+bx+a. Test T for diagonalizability,
and if T" is diagonalizable, find an ordered basis 5 for P»(R) such that [T is a diagonal matrix.

Question 3 (Section 5.2 Q12):
Let T be an invertible linear operator on a finite-dimensional vector space V.

(a) Prove that the eigenspace of T corresponding to A is the same as the eigenspace of T!
corresponding to A1,

(b) Prove that if T is diagonalizable, then T~ is diagonalizable.
Solution

(Please refer to the practice problem set 3.)



